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Abstract

Analysis of complex systems such as hierarchically structured
network systems that are employed in modelling and analysis
various aspects and issues of control and management in
telecommunications is investigated. Theory of graphs and
binary matrices appear to be most suitable tools for modelling
the overall structure of complex systems, in general, and of
systemic hierarchies, in particular. A systematic methodology
has been developed for computer simulation analysis and
detecting general hierarchies in communications networking
as well as for synthesis of system hierarchies. This
methodology is an improved extension of Warfield’s
technique.

1. Introduction

To the best of our knowledge, the system theoretical technique
for studying hierarchical structures in general systems which
has been developed and proposed by J.N. Warfield (1973 a) is
one of the very few that has the potential a wide range of
applications. It has been applied from circuits and networks
and to complex control and supervision system architectures
and discrete-event system analysis.
In this paper Warfield’s theoretical approach and procedures
are innovated and further extended to form a systematic
methodology for computer simulation analysis and synthesis
of hierarchically systems. In addition, some specific
knowledge about binary matrices is also is revisited [9], [11].
This knowledge together with the general graph theory [10]
helped to identify the key substance for application of binary

matrices within the modeling of complex, hierarchically
structured, network-like systems [8].
The use of binary matrices in system modeling and a
computational decomposition of binary matrices into levels
are illustrated in this paper [3], [6], [12]. The developmental
procedure partitions the matrix on the basis of supplied data
entries. This paper also reviews methods that assist in the
development of an element-set and relations among elements
in this element-set and among groups of such sets. An
rationalizing procedure allows computer determination of
how many separate hierarchies are represented by the
relations among the elements and groups of element-sets.
The paper is organized as follows. In the next section, certain
essential properties concerning the use of binary matrices are
reviewed within the context of Warfield’s method following
closely his original papers [1], [2]. Then with the subsequent
two sections 3 and 4 the re-elaboration of our innovated
technique based on Werfield’s method on deriving a system
digraph model from a reachability (i.e., incidence) binary
matrix is presented. Section 5 presents in more detail on the
idea and algorithms on a rationalizing derivation of system
digraph representation. Then Section 6 gives some necessary
detail on the novel support software which has been
developed for the purpose of simulation based analysis and
synthesis of hierarchically structured network systems.
Subsequently, in Section 7, there are given the basic set
relations used as well as tables and some graphical
illustrations, which is followed by the conclusion and
references.

2. On properties of binary matrices used in system
modeling

Binary matrices are useful in this study because they can
represent the presence and absence of a specified kind of



relations between pairs of elements of a system. Consider any

two elements of a systemis and js . Suppose it is possible

to say either that is and js are related in a certain way, see

relation (1), or they are not, see relation (2).

Then, for a system comprised of a set ofsk elements

}s...,s,s{s
sk21= , one can construct a binary matrix whose

entry in position (i,j) is 1 if (1) is true and 0 if (2) is true. A
system graph may be constructed by allowing a vertex on the
graph to represent a system element, and an edge joining two
elements to represent a number 1 in the matrix. Evidently,
there is a directionality associated with chosen relation R.

Then, if ji sRs an arrow is placed on the graph from

vertex is to vertex js showing the directional nature of the

equation. The graphs portrayed in this way are called directed
graphs or digraphs.
Suppose that instead of initially having a single set of
elements, one had several sets. In this case, one can simply
compile all the separate sets into a single set and construct a
binary matrix for the whole set, see relation (3). Therefore,
one of the products of analysis of binary matrices can be a
partitioning of the original set into smaller sets, based on the
information contained in the binary relation matrix. Thus, one
way give up the original partition represented by

n21 s,...s,s in hopes of obtaining a superior partition later.

This would correspond to the reorganization of a system.
Suppose a binary matrix, given in Figure 1, has been found
for a systemic structure. However, also suppose that a row
and column permutation is applied, which maps the matrix
presented in Fig. 1 into the matrix given in Figure 2. This
matrix can be partitioned as shown in Figure 3.; in this matrix
each symbol represents a sub-matrix, and0 represents a sub-
matrix that is filled with 0’s (zeros).
The partition is being formed by taking each smallest possible
square sub-matrix that can be formed along the main
diagonal, while allowing only 0’s to the right of each diagonal
sub-matrix. A matrix in this form is usually referred to as

block triangular. The subsystems *
4

*
3

*
2

*
1 CandC,C,C

represented by these four matrices are calledthe constituents
of the system. It is notable that there can be only one-way
connections between constituents, while two-way connections
are possible within a constituent. The essential fact required
to develop this representation is the partition on the set as
described by relation (4), where each term is calleda block of
the partition(see Figure 4).
Now, suppose that, not only is it possible to find a partition,
but also that all of the sub-matrices other than those on the
main diagonal are filled with 0's’ The corresponding matrix is
usually referred to asblock diagonal. It is well known that a
system represented by a block diagonal matrix is completely
decomposable, because there is no connection between its
constituent subsystems.
Following the systems science, the system represented by a
block triangular matrix is called hierarchical system or a
hierarchy. Block triangular matrix is a kind of matrix, whose

sub-matrices lying on the main diagonal are filled with 0’s
and all entries to the right of this set of sub-matrices are 0
except for the sub-matrices to the left of the main diagonal
which may have both 0’s and 1’s. In this system, each block
of partition may contain several constituent subsystems, all of
which lie at the same levels of the hierarchy. The graph of a
matrix will always be a hierarchy if the transitivity condition
is satisfied and if in addition, the asymmetry condition
applies.
For decomposability to be feasible, there must be at least one
pair of vertexes on the graph such that one vertex cannot be
reached by a path from the other. If this condition is not
satisfied, every vertex is reachable from every other, and the
graph is described as strongly connected. The possibility of
decomposition can be determined from the reachability
matrix of a directed graph. Let a digraph is available and a

matrix 1N is formed that contains a 1 in positioni,j if and
only if there is an edge directed fromi to j or elsei=j, then

11 NNI =+ . kN is a matrix obtained by raising 1N to the

k-th power through Boolean operations, then 1−≥ kk NN ,

for any integerk greater than 2, where the inequality sign is
applied to all elements in corresponding positions in the two
matrices.
For a finite graph containingp elements, the longest possible

non redundant path can have lengthp-1. Thus 1
11

−= pk NN

for any integerk greater thanp-1. The matrix 1
1

1 −
− = p

p NN
is called the reachability matrix of the graph.

3. On constructing a system digraph from the
reachability matrix

Method for constructing a digraph from a reachability matrix
can be applied to any square transitive binary matrix, with
equal indexing, given by a set S. Every elements in a
transitive matrix has areachability set R(s)consisting of all
elements ofs lying on paths that can be originated froms and
anantecedent set A(s)consisting of all elements ofs lying on
paths that includes but are not originated froms. These
methods determine thetop-levelsets of the matrix and its sub-
matrices [2].

Let the reachability matrix M be given, then, any elements
for which R(s)A(s)=R(s) holds, belongs to the top-level of
the matrix M. This condition ensures all connections froms to
another element be on the same level as that ofs, while all
other connections from another element tos are lying either
on the same or in a lower level. Then for the already
identified top-level set of the system matrix, the elements of
that set and all connecting arcs from other elements to that
one way be taken one of the matrix, leaving a transitive
submatrix which will also have a top-level set . The top-level
set of the submatrix will be the second-level set of the matrix.
The procedure may continue further the same way until all
levels in the system directed graph be identified.



The following example will illustrate the development of a
digraph from a reachability matrix, which is given in Figure
5. To make the example completely clear, the entire
collection of reachability sets and antecedent sets will be
written from inspection of the matrix. The reachability set for
element 1 is found by inspecting row 1 of the matrix. Every 1
in the row corresponding to a column index, and every such
column index will be in the reachability set of element 1. In
this case, the only entry of 1 is in column1, thus R(s)=1. To
find the antecedent set of element 1, inspect column 1. To
every entry of 1 in column 1 there is a corresponding row
index, and the set of such row indexes is the antecedent et of
element1. By inspection, A(1)={1,3,4,7,8,9,11,12,13}. This
way, by using the outlined procedure, the reachability sets
and the antecedent sets for every element of the system matrix
are determined. It should be noted, however, a given digraph
has a unique reachability matrix, and a given reachability
matrix does not necessarily define a unique digraph.
In solving problem at practical situations usually neither a
matrix or a digraph i given. Since a digraph can be formed
from the reachability matrix, it would be helpful to have an
efficient way to construct such a matrix. Construction of a
system matrix is somewhat analogous to development of a set
of equations for a complex system. A model exchange
isomorphism (MEI) is a procedure whereby one type of
model can be exchanged for another.
To develop a digraph when no matrix is known, it is assumed
at the outset that an intelligent individual or group, or some
intelligent supervision machine [7], posses a qualitative,
linguistic or mental, structural model of some system one
wishes to be constructed. The fisrt step he would pursue is to
arrive at a graphic model representation of the systemic
structure in mind. It would require one or more MEIs
transformations in order to convert the qualitative model into
the graphic model of the system.
The MEI for going from the mental model to a system
digraph is composed of:

- MEI for taking the mental model into a set of
data points representing pair relations among
system elements;

- MEI for taking the data point into a matrix;
- MEI for taking the matrix into the system

digraph.
In the sequel, more detail is given on the procedural technique
which has been implemented into the novel support software
of ours (Section 5).
Intelligence Model in Data Points. A special set

}...,{ ,21 sksssS = of sk element of the system is sought,

which are important or indispensable for its modeling by a
system expert (Warfield, 1973 a,b) or a machine intelligence
(e.g., Dimirovski, 1991, 1996, 1998) of a group or individual.
This set has to be input into software support at the beginning
of computer simulation analysis and synthesis. The user has
to be capable of responding to questions in which “R”
represent the relation “subordinate to” . In other word, the
user is able to determine from his own knowledge whether
one element is or is not in a subordinate relation to another. If

the answer is “yes” a 1 is entered at matrix location (i,j) in the
computer memory, otherwise a 0 is entered.
It may well be anticipated that the developer might be
overwhelmed by the larger number of such questions or might
even begin to give inconsistent answers, violating his own
previous inputs. However, it is possible to attack both of these
possibilities directly in the following way. The computer can
be programmed to put only those questions that do not permit
inconsistencies based on rules of inference from past data.
Data Points to Reachability Matrix.The most complex part of
the overall MEI is the part for converting data points to a

reachability matrix. Suppose an arbitrary element is is

chosen from the initial set S.

(1). Subset )( isL is formed from S, consisting of those

elements of S to which is is subordinate. This subset is

called thelift set of is .

(2). Subset )( isD is formed from those elements in

ii ssLS −− )( which are subordinate to is . This subset is

called thedrop setof is .

(3). Subset iiii ssDsLSsV −−−= )()()( is formed such

that is is not subordinate to any element in thevacancy set

V, nor is any element in V subordinate tois .

(4). Subset )( isF of )( isL , called the feedback set ofis ,

is formed, consisting of thoe members of )( isL that are

subordinate to is .

The supplied data, which are obtained in steps 1-4, fill both

the row and column indexed by elementis . In addition to

these rows and columns, the partition generates 13 sub-
matrices. Of the 13, 8 can be completely filled with inferred
data stemming from the transitivity condition, 3 are of the
main diagonal type and 2 are interconnection matrices. When
the reachability matrix has been completely filled, the
procedure given earlier for constructing a digraph itself will
normally be replaced by a graphic portrayal showing the
elements represented by the vertexes of the digraph.

4. On arranging the elements of a hierarchical
system in graphic form

Hierarchies are fundamental in the study of many kinds of
complex systems. In addition, methods are to be presented
that assist in the development of a element set and a relation
among the elements. The rationalizing procedure allows
computer-aided determination of how many separate
hierarchies are represented by the relations among the
elements. In reviewing the literature related to hierarchies, it
is rather astonishing that it has not been possible to find a
work that deal explicitly and in full detail with methods for
forming hierarchies except for Warfield’s papers, which
complement each other. Thus, it seemed appropriate to go



into detail of methods for arranging a hierarchy in graphic
form. These methods make use of ideas from matrix theory
and from linear graph theory. In the mathematical realm,
these ideas would be considered among the simplest of
mathematical concepts for their broad application in the many
fields of science.
The three principal concept of a hierarchy arethe elements,
the content of relation, the direction of relation. The main
procedure is to describe and illustrate formal procedures for
constructing the graphic presentation of the hierarchical
arrangement based on necessary content information
concerning this relation of each element to each other
element. The procedure permits automatic development of the
graphic structures that portrays the hierarchy.
There are three major tasks in developing a model hierarchy
within the setting of graph theory:

(a) Identification of the relevant set of elements and
relations. The relevant set of elements and relation shall be
formulated by a human or machine intelligence using a given
type of relevant criteria. These criteria are most important
because of the compatibility of their application relative to the
systemic phenomenology investigated.
The detail of this issue is beyond this paper and will not be
considered any further, because their nature vary with the
actual application. What is matter in here, is the generic
creation of a set of elements that may be instrumental for
defining a clear precise criterion with the goal of successful
completions of tasks (b) and (c).

(b) Determine which elements are in a subordination
relation to which other elements.In this step, the actual goal
is obtaining the comparison result of each one of the elements
with each the other one in the set of system elements. This is
done for the purpose and with a criterion of discovering
whether there exist or not subordination relations among the
pairs of system elements. This is further explained below.

(c) Encode the subordination relations in matrix form.
In this step a matrix is being created that is called “System
subordination matrix” that embodies the subordination
relations among the elements. Let us suppose that the
elements have been numbered from 1-n, then the square

matrix )(* nxnM can be constructed. The entry jie , in the

i-th row and the j-th column reflects the subordination
relation between elements i and j from the set of elements. If

element i is not subordinate to element j, the entryjie , will

be zero. In order to determine the entries of system matrix,
the elements must fulfill certain technical pre-condition.
These are described as rules and in terms suggesting the
manner of their application. These rules (Warfield, 1973 b)
are as follows:
1. The diagonal entry rule: all entries in the main
diagonal of systems binary matrix are “0”.
2. The double entry on 1 rule: if element i is

subordinated to element j, a “1” is entered on positionjie , ,

and a “0” is entered on position ije , .

3. The multiple entry on paired 1’s rule: this rule
represent the condition of transitivity property. The

straightforward use of these of these rules may lead to more
complicated digraph models than necessary and its is
therefore useful to have some rationalizing procedure
implanted. .

5. On rationalizing procedure and developing system
digraphs

The procedure used to determine how many hierarchies are
represented by a system matrix is calledthe rationalizing
procedure. It can be applied upon completing the
development of the system matrix. The result of the procedure
is to produce a set of matrices calledConnected
Subordination Matrices,each of which represents one
hierarchy.

The procedure is consisted of three steps that can be
programmed and executed by a PC computer.
1. Identification of Top Level Set and Bottom Level Set.
To identify the top-level set, determine which rows of the M
are filled with zeros. To identify the bottom level set,
determine which columns of M are filled with zeros. The
elements represented by the top-level set are not subordinate
to anything, which explains why their rows are filled with
zeros. They will lie at the top of hierarchies. The elements
represented by the bottom-level set have nothing subordinate
to them, which explains why their columns are filled with
zeros. They will lie at the bottom of hierarchies. The elements
that are in both the top-level set and bottom-level set are
called “trivial” hierarchy because it is special case of a
hierarchy that contains only one element. As a by-product of
step 1, one may identify step (1-a) removal of isolated
elements. The result is to modify the matrix, so the new
matrix is not the “System Subordination Matrix”. This matrix
M is called a “Branching Subordination Matrix”.
2. Determination of Graph Subsets of Top Level Set.
The second step identifies the number of separate hierarchies
represented by the matrix M and determines the top-level sets
for each such hierarchy. To do this, one inspects the matrix M
to see which members of the bottom -level set are subordinate
to members of the top-level set. The results show that for
every element in the bottom-level set there is a block of
elements of the top-level set to which that elements is being
subordinate. These blocks generates carry out one the
information necessary to determine the number of separate
hierarchies that are represented by matrix M and their
respective top-level sets. It remains only to combine the
blocks having one or more common elements in order to
obtain the set of the top level-set of the separated hierarchies.
3. Deriving Connected Subordination Matrices. A
matrix that represents a single hierarchy is called a connected
subordination matrix, this matrix is obtained by applying a
series of operation on branching subordination matrix:

(a) Form the Boolean sum of the set of columns of

matrix M indexed by the block
iA .

(b) Multiply the column vector found in operation
(a) above into each column of matrix M.



(c) Delete from the matrix so formed all rows and
columns that are filled with zeros.
The process developing the hierarchical system graph makes
use of the following methodological tools introduced by
Warfield (1973 a):

- The Element Method by using the hierarchy develops
one element at a time.

- The Level Method by which the hierarchy develops
one level at a time, starting from the top to the
bottom level.

Following the findings of our preliminary investigations [3],
[6], we have constructed our novel support software to makes
use of by using the element method to perform generating the
system graph. A general outline of the procedure for forming
the graph may be described as to eliminate regular rows and
columns from the matrix. A row or column is regular if it
contains only one single 1. The several steps of the
computational process is depicted through the matrix
structure in Figure 3.
The major tasks are:

- Regular row elimination,
- Regular column elimination,
- Row splitting.

6. On the novel support software

This application software for analysis and synthesis of
hierarchical structures is designed in Microsoft Visual Basic
4.0. The application considering the entered number of
relevant set of elements and the real elements of the matrix by
the customer that give the background system matrix. By
using the rationalizing procedures, branching matrices are
determined first and after that also the connected matrices.
The support software then is finalizing its performance by
portraying the system graph. The latter is performed by the
element method. The main procedure for forming of the graph
eliminates the regular rows and columns from matrix and at
the same time they are added to the graph. In absence of
regular rows or columns the row with the lowest number 1is
divided into such regular rows according to the number of
number 1 in that row. Thus the process of elimination
continues and portrays the whole graph.

7. Figures and tables

In the sequel, the main tables as well as appropriate graphical
illustrations are given and denoted as figures that have been
referred to in the text of this paper. First, a set of relevant
matrices is given in Figures 1 to 3. Then Figure 4 depicts the
corresponding system digraph model clearly presenting
constituents, connections and interconnections. Figure 5
illustrates the underlying reachability or incidence matrix of
the example of a hierarchically structured network system.
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Figure 4.Constituents, internal connections within
constituents, and interconnections between constituents.
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
3 1 1 1 1 1 0 0 1 1 0 0 0 0 0 0
4 1 1 0 1 1 0 0 0 1 0 0 0 0 0 0
5 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0
6 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0
7 1 1 1 1 1 0 1 1 1 0 0 0 0 0 0
8 1 1 1 1 1 0 0 1 1 0 0 0 0 0 0
9 1 1 0 1 1 0 0 0 1 0 0 0 0 0 0

10 0 1 0 0 1 1 0 0 0 1 0 0 0 0 0
11 1 1 1 1 1 0 1 1 1 0 1 0 0 0 0
12 1 1 1 1 1 0 1 1 1 0 1 1 0 0 0
13 1 1 0 1 1 0 0 0 1 0 0 0 1 0 0
14 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0
15 0 1 0 0 1 1 0 0 0 1 0 0 0 0 1

Figure 5. Reachability matrix of an example system

8. Equations

In brief, the following set of mathematical expressions
describe the basic set-relational mechanisms implemented
into the support software:

ji sRs (1)

ji sRs (2)

n21 s...sss ∪∪= (3)

}6,2;4;5;7,3,1{S = (4)

9. Conclusion

Hierarchical structures are fundamental to many sciences and
in many situations in real world complex technical systems,
such as telecommunication and computer network, where
each node may represent an entire subsystem having all the
basic attributes of well-defined controlled systems.
Innovated ideas on their use for developing decomposition on
several levels and for construction of hierarchical systems
have been incorporated. A binary-matrix based
developmental technique for overall structure model of a
complex system where the developing procedure divides the
corresponding matrix into a supplied data entries and addition
of the interconnection between the subsystems has been
elaborated.
As emphasized in this paper, the background for structural
model development of hierarchical systemic structures is
found in the theory of directed graphs and the theory of
binary matrices [9],[10], [11], the numerical set elements of
which are the binary 1 and 0. It is expected in future these
elements to be replaced with fuzzy-logic relations in order to

develop an appropriate methodology to deal with the more
detailed, linguistic based modelling of complex hybrid
systems in telecommunications [8].
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